In this paper, we derive a class of symmetric p-stable Obrechkoff methods via Padé approximation approach (PAA) for the numerical solution of special second order initial value problems (IVPs) in ordinary differential equations (ODEs). We investigate periodicity analysis on the proposed scheme to verify p-stability property. The new algorithms possess minimum phase-lag error which shows that they can accurately solve oscillatory problems. Reports on several numerical experiments are provided to illustrate the accuracy of the method.
Introduction
Our task in this paper is to approximate the solution of the special second order IVPs of the form ( ) Such problems are often encountered in applied science and engineering. Popular examples include: mechanical systems without dissipation, satellite tracking, celestial mechanics, etc. The solution of the type (1) which is considered in this paper is a priori known to be periodic, and when integrated numerically, the desire is that the numerical solution also preserves the analogical periodicity of the analytic solution [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Furthermore, equation (1) is known to have inherent "periodic stiffness" [12] which makes it difficult to solve analytically. Numerical methods must be employed to obtain its approximate solution. The well-known Stomer-Cowell method with step number greater than two exhibits orbital instability making it unsuitable to numerically solve (1) . Unlike other stability requirements, 2-step p-stable methods remain desirable for the solution of (1). There is vast literature on approximate solution of (1), see [7] , [8] , [9] , [10] , [11] , [31] , [32] , [3] [4] [5] , [2] , [24] [25] [26] [27] , [6] , [11] , [32] , [28] [29] [30] , [10] , [35] [36] [37] , [20] , [33] . In what follows, we have demonstrated the accuracy of our methods using stiff, linear and non-linear IVPs in ODEs.
Consider the Obrechkoff method of the form
for the numerical solution of the problem (1). When the method (2) is applied on test equation (3)
we get the characteristics equation as ( ) 
where
is the error constant dependent on h. 
Derivation of the Method
In the spirit of [10] , we consider the following algebraic expressions
with C ∈ z and j P described by the expression
whose roots is given by
is known as the ( ) j j, -diagonal Padé approximation to . z e Observe that (7) is of the form (4) . In what follows, the basic idea is to obtain the stability function of an integration scheme and compare it with (7) to determine the corresponding coefficients of the numerical method.
Consider the symmetric Obrechkoff methods (2), when applied on (3) yield the following stability function
Without loss of generality, we compare (11) with results from which 2 = j in (7) and obtain the following symmetric p-stable Obrechkoff method 
where . Remarkably, the stability region of the famed most accurate p-stable formulas satisfying Definition 1.4 is given in Figure 2 where h is the step size and . , 
The interval of periodicity of this scheme is found to be indeed p-stable. Figure 3 shows the stability region of the integration scheme. Clearly, this grows indefinitely along the positive real axis with however some insignificant jumps at the origin which could be as a result of parameter choice. Next, we carry out phase-lag analysis on the method (12) following [20] [21] [22] , see also [27] [28] [29] and [31] [32] [33] . The phase-lag analysis of numerical method is described by 
and when expanded has a non-vanishing phase-lag order d and phase-lag constant 
).
In what follows, the application of (18) 
Remark.
For all values of j in (7), p-stable numerical methods obtained by directly applying PAA will be limited to order of accuracy . 4 ≤ p
Numerical Experiment and Results
In this section, we carry out numerical experiments in order to show the accuracy of the new algorithm. Consider the following second order IVPs. 
The initial value problem (20) represents a motion on a perturbed circular orbits in the complex plane in which the point ( )
slowly spirals outward such that its distance from the origin at a any given time x is described by ( ) ( ) ( ). The integration is then carried out with uniform meshsizes ( ) .
The numerical results from the new p-stable Obrechkoff methods comparing with existing p-stable numerical methods from the literature are presented in Table 1 and  Table 2 respectively. In what follows, we apply the derived method (12) to investigate the orbital property of problem (20), 
In similar manner, we implement the system (25) using meshsize 8 
The initial condition described by A is the value of the Galerkin's approximation G y at . 
Conclusion
PAA is an interesting method for the development of numerical schemes that must possess p-stability property. In view of the foregoing, we present a class of symmetric p-stable Obrechkoff methods which possess minimum phase-lag error for the solutions of IVPs that are periodic in nature. However, we desired higher order p-stable method, but due to the limitation encountered in the use of PAA, we therefore remark that numerical algorithms obtained by directly applying PAA will often be limited to order ( ), 4 ≤ p see also the works in [7, 8, 10] . In particular, the new results in this article enjoy considerable order of accuracy and stronger p-stability property which are illustrated in Table 1 and Figures 1, 4 , 5, 6, respectively.
